Abstract. Quasi-alternating links are a generalization of alternating links. They are homologically thin for both Khovanov homology and knot Floer homology. Recent work of Greene and joint work of the first author with Kofman resulted in the classification of quasialternating pretzel links in terms of their integer tassel parameters. Replacing tassels by rational tangles generalizes pretzel links to Montesinos links. In this paper we establish conditions on the rational parameters of a Montesinos link to be quasi-alternating. Using recent results on left-orderable groups and Heegaard Floer L-spaces, we also establish conditions on the rational parameters of a Montesinos link to be non-quasi-alternating. We discuss examples which are not covered by the above results.
Introduction
The set Q of quasi-alternating links was defined by Ozsváth and Szabó [17] as the smallest set of links satisfying the following:
• the unknot is in Q • if link L has a diagram L with a crossing c such that (1) both smoothings of c, L 0 and L ∞ are in
The set Q includes the class of non-split alternating links. Like alternating links, quasialternating links are homologically thin for both Khovanov homology and knot Floer homology [14] . The branched double covers of quasi-alternating links are L-spaces [17] . These properties make Q an interesting class to study from the knot homological point of view. However the recursive definition makes it difficult to decide whether a given knot or link is quasi-alternating.
The first author and Kofman showed that the quasi-alternating property is preserved by replacing a quasi-alternating crossing by any rational tangle extending the crossing, and they used it to give a sufficient condition for pretzel links to be quasi-alternating [6] . Subsequently Greene showed that this condition was necessary and provided the first examples of homologically thin, non-quasi-alternating links [9] . Results in [6] and [9] provide a complete classification of quasi-alternating pretzel links.
Using the structure and symmetry of Montesinos links and their determinants, we generalize the sufficient conditions given in [6] and [9] to provide a sufficient condition for Montesinos links to be quasi-alternating, in terms of their rational parameters (Theorem 5.3). Using recent results on left-orderable groups, Heegaard Floer L-spaces and branched double covers of Montesinos links we also obtain conditions on the rational parameters of a Montesinos
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link to be non-quasi-alternating (Theorem 6.1). Furthermore we discuss families of examples which are not covered by the above results. Our results include all known classes of quasi-alternating links appearing in [6] , [9] and [21] . See also the recent preprint of Qazaqzeh, Chbili, and Qublan [18] . 1 Watson gives an iterative construction for obtaining every quasi-alternating Montesinos link using surgery on a strongly invertible L-space knot [19] . It is an interesting problem to determine the relation between Watson's construction and the conditions in Theorem 5.3. This paper is organized as follows: Section 2 defines Montesinos links and related notation, Section 3 proves results about the structure and symmetry of Montesinos links, Section 4 proves the determinant formula for Montesinos links, and Sections 5 and 6 prove the main theorems and discuss examples. Let t = α β ∈ Q with α, β relatively prime and β > 0. The floor of t is t = α − (α mod β) β , and the fractional part of t is {t} = α mod β β < 1. For t = 0, define t = 1 { . Note that if t > 1 then t = t. 2.2. Rational tangles. We follow the original exposition due to Conway [7] . A tangle is a portion of a link diagram enclosed by a circle that meets the link in exactly four points. The four ends of a tangle are identified with the compass directions NW, NE, SW, SE. Given a pair of tangles s and t, the tangle sum, denoted s + t, is formed by joining the NE, SE ends of s to the NW, SW ends, respectively, of t. The elementary tangles 0, ±1, ∞ are shown in Figure 1 . Adding n copies of the tangle 1 and 1 = −1 results in the integral tangles n = 1 + 1 + · · · + 1 and n = −n = 1 + 1 + · · · + 1, respectively. The tangle product, denoted st, is the tangle obtained by first reflecting the diagram of s in the plane through its NW-SE axis and then adding t. Conway devised the following correspondence between rational tangles and continued fractions: Let t = 0, ±1 be a rational number, and let a 1 , . . . , a m be integers such that a 1 ≥ 2, a k ≥ 1 for k = 2, . . . , m − 1, and a m ≥ 0. If t = [a m , a m−1 , . . . , a 1 ], then t corresponds to the positive rational tangle a 1 a 2 . . . a m . If t = [−a m , −a m−1 , . . . , −a 1 ], then t corresponds to the negative rational tangle a 1 a 2 . . . a m , where a denotes −a. Every rational tangle, except for the elementary tangles 0, ±1, and ∞, has a continued fraction expansion as one of the above [7] . The product of a rational tangle with the zero tangle inverts the associated fraction; if a 1 . . . a m corresponds to t, then a 1 . . . a m 0 corresponds to 1/t. Notice that a 1 . . . a m a m+1
1 The results in this paper were obtained independently of [18] . is equivalent to a 1 . . . a m 0 + a m+1 , which corresponds to the fraction a m+1 + 1/t, and this explains the correspondence between rational tangles and continued fractions. A flype is a tangle equivalence between tangles 1 + t and t h + 1, where t h is the rotation of tangle t about its horizontal axis. A positive flype is the operation that replaces t by the equivalent tangle 1 + t h + 1, and a negative flype results in 1 + t h + 1. For a rational tangle t, the tangle t h can be seen to be equivalent to t by a sequence of generalized flype moves that transpose tassels above and below the horizontal axis.
There are two ways to join the free ends of a tangle (without introducing further crossings) to form a link. Let 1 * t denote the vertical closure of tangle t obtained by joining the NW end to the NE end and joining the SW end to the SE end. Joining the NW/SW ends and the NE/SE ends produces the horizontal closure of t, which is isotopic to 1 * t0. See Figure  2 . A rational link is the closure of a rational tangle.
Montesinos links.
Let t i = 0, ±1, for i = 1, . . . , p, be a rational number with a continued fraction expansion as above, and let e be an integer. A Montesinos link is defined, using Conway notation, as M (e; t 1 , . . . , t p ) = 1 * (e + t 1 0 + . . . + t p 0). See Figure 3 ; the dotted circle labeled t i contains tangle
. Note that this presentation of Montesinos links differs slightly from that of Burde-Zieschang [5] and the one used by Greene [9] in that the sign of e is reversed. For example, Figure 4 illustrates the isotopy taking the link of Figure 3 into the form of a Montesinos link used in [9] . If t i were ±1, then the application of a flype would move the crossing left, where it could be absorbed by the parameter e. -e -e Figure 4 . Rotate the link of Figure 3 clockwise 90 degrees, isotope the −e crossings to the left side, and apply flypes to put each tangle into braid form.
Classification of Montesinos links
Let L be the Montesinos link M (e; t 1 , . . . , t p ) = M (e; α 1 /β 1 , . . . , α p /β p ). Figure 5 . Two-tangle Montesinos links are rational links.
If p ≥ 3 then L is classified by the rational number e + p i=1 β i /α i and the ordered set of fractions ({β 1 /α 1 } , . . . , {β p /α p }) up to cyclic permutation and reversal of order [2] (see also [5] ). It follows that ε defined above is an invariant of Montesinos links. The proposition follows by applying the above tangle decomposition to each tangle of the Montesinos link :
The link M (ε; t 1 , . . . , t p ) is known as the reduced form of the Montesinos link M (e; t 1 , . . . , t p ). 
Proof. Suppose t i > 0. In Conway notation,
M (e; t 1 , . . . , t p ) = 1 * (e + t 1 0 + . . .
A positive flype of the first i rational tangles t 1 , . . . , t i results in the equivalent link 1 * (e + 1 + (t 1 0 + . . .
The horizontal rotation of a tangle sum is the sum of the summands horizontally rotated. This fact and the invariance of rational tangles under horizontal rotation implies that the link is equivalent to 1 * (e + 1 + t 1 0 + . . .
Furthermore,
Applying a negative flype, the t i < 0 case follows similarly.
. . , t p ) be a Montesinos link and ε as above. For the second case, suppose t i = α i /β i , where > 0 for i = 1, . . . , n, and
Hence L has at least two positive tangles and at least two negative tangles. It follows that the reduced form for L is non-alternating and adequate.
For a rational tangle t = a 1 . . . a m as above, let t = a 1 a 2 . . . a m denote its reflection.
Lemma 3.5. Let L = M (e; t 1 , . . . , t p ) be a Montesinos link and L r = M (−e; t 1 , . . . , t p ) denote its reflection. Then ε(L r ) = −ε(L) − p.
Proof. The continued fraction expansion of t implies that the reflection of t, t = −t. It follows that 1/ t = 1/ − t = − 1/t − 1. Hence
Determinant of Montesinos links
The determinant of rational and Montesinos links follows directly from Conway's determinant fraction identities for tangle sum t a+b and product t ab given in [7] :
where det(K) is Conway's determinant. The usual deteminant det(K) = |det(K)| (Section 7 in [7] ). We derive the formula for the determinant of Montesinos links (see also [1] ).
Proof. Let t = α/β be the rational tangle a 1 a 2 . . . a m , as above. Then it follows by induction on m and by the determinant fraction identity for the product that det(1 * t) = α and det(1 * t0) = β.
Using the determinant fraction identity for the sum we get
β i α i .
Quasi-alternating Montesinos links
Proposition 5.1. Let s, r i = 1 be positive rational numbers for i = 1, . . . , n. Then the Montesinos link M (0; r 1 , . . . , r n , −s) is quasi-alternating if s > min{r 1 , . . . , r n }. The statement is true for any position of the tangle −s.
Proof. We will prove the statement by induction on n. For n = 1, Proposition 3.1 implies that M (0; r, −s) is a rational link, which is quasi-alternating when r = s (for r = s, this gives the unlink on two components which is not quasi-alternating). This proves the base case. Let s > min{r 1 , . . . , r n }. By the induction hypothesis M (0; r 1 , . . . , r n , −s) is quasialternating. Let L be the diagram M (0; r 1 , . . . , r n , 1, −s) and let c be the single crossing to the left of the −s tangle. L ∞ = M (0; r 1 , . . . , r n , −s). L 0 naturally splits as a connect sum of horizontal closure of tangles of the type t0, for a rational tangle t. Since the horizontal closure of t0 is isotopic to 1 * t, we have L 0 = 1 * r 1 #1 * r 2 # . . . #1 * r n #1 * s. See Figure 6 . Let r i = α i /β i and s = α/β, where all the α's and β's are positive integers. By the formula for the determinant of rational and Montesinos links
and det(L ∞ ) = 0 because L ∞ = M (0; r 1 , . . . , r n , −s) is assumed to be quasi-alternating. Since s > min{r 1 , . . . , r n }, we have
L 0 is quasi-alternating by Lemma 2.3 in [6] and L ∞ is quasi-alternating by the induction hypothesis, hence L is quasi-alternating at the crossing c. Using Theorem 2.1 in [6] , we can extend c to a rational tangle. This shows that if s > min{r 1 , . . . , r n+1 } then M (0; r 1 , . . . , r n+1 , −s) is quasi-alternating. Since we did not use the position of the tangle −s in the argument, the same argument works for any position of the tangle −s. The leftmost diagram satisfies the condition of Proposition 5.1, and, hence, it is quasialternating. However, the rightmost diagram fails to satisfy the above condition.
We will use Proposition 5.1 to prove a sufficient condition for any Montesinos link to be quasi-alternating, in terms of the invariant ε defined above. Recall that for 0 = t = α/β ∈ Q,
Proof. Since reflections of quasi-alternating links are quasi-alternating, it is enough to consider L or its reflection. By the symmetry of ε under reflections proved in Lemma 3.5, it suffices to consider the case when ε ≥ −p/2. Cases (3) and (4) follow from cases (1) and (2) respectively. If ε > −1 then, by Proposition 3.4, L has an alternating diagram, and hence it is quasialternating.
we can use a positive flype on the tangle t i to convert L to an equivalent link which satisfies the condition in Proposition 5.1.
Examples.
(1) M (3; 
Non-quasi-alternating Montesinos links
Proof. Case (1) implies that |ε + p/2| < p/2 − 1 and, by Proposition 3.4, L has a nonalternating and adequate diagram. The Khovanov homology of a link L with such a diagram is thick [11] , which implies that L is not quasi-alternating [14] . For case (2) , assume that L is in reduced form with ε = −1 and t i = t i > 2 for all i = 1, . . . , p. We will show that the double branched cover Σ(L) is not an L-space. A closed, connected 3-manifold Y is an L-space if it is a rational homology sphere with the property that the rank of its Heegaard Floer homology HF (Y ) equals |H 1 (Y ; Z)|. Recall that the branched double cover Σ(L) of a Montesinos link L is the orientable Seifert fibered space S(0; ε, t 1 , . . . , t p ) with base orbifold S 2 [15] . The manifold Σ(L) is a rational homology sphere iff det(L) = 0 (see for example [12] ). If det(L) = 0 then L is non-quasi-alternating. Otherwise, the following theorem provides the L-space obstruction. First, define a group G to be left-orderable if there exists a left invariant strict total ordering on G.
The next result offers the exact conditions for an orientable Seifert fibered space to have a left-orderable fundamental group.
Theorem 6.3 ([4]
). Let X be an orientable Seifert fibered 3-manifold which is a rational homology sphere. Then π 1 (X) is left-orderable iff π 1 (X) is infinite, the base orbifold of X is the 2-sphere with cone points, and X admits a horizontal foliation. [5] . This condition is satisfied for p ≥ 3 and t i > 2. Thus it remains to show that the space Σ(L) admits a horizontal foliation; i.e., a foliation which is everywhere transverse to the Seifert fibers. The following result provides the conditions under which a Seifert fibered space admits a horizontal foliation.
Theorem 6.4 ( [8] , [10] , [16] ). Let S = S(0; −1, α 1 /β 1 , . . . , α n /β n ) be an orientable Seifert fibered 3-manifold, where n ≥ 3 and α i /β i > 1 are rational numbers. Then S admits a horizontal foliation iff there exist relatively prime integers 0 < a < m such that Theorem 6.1 partially resolves the conjecture. It remains to investigate Montesinos links whose parameters satisfy neither the conditions of Theorem 5.3 nor the conditions for admitting a horizontal foliation given in Theorem 6.4. These are Montesinos links that may be non-quasi-alternating but whose double branched covers are L-spaces. Below we discuss several families of such links.
(1) A Montesinos link M (−1; t 1 , t 2 , . . . , t n ) in reduced form and such that |t f i | = t j , where t i and t j are the least and second least among the parameters t 1 , t 2 , . . . , t n . Greene's first example of a non-quasi-alternating knot with thin homology, 11n50 = M (−1; 5/2, 3, 5/3), is an example of such a link. In the preprint, he remarks that his proof generalizes to show that the infinite family M (0; (m 2 +1)/m, n, −(m 2 +1)/m) = M (−1; (m 2 + 1)/m, n, (m 2 + 1)/(m 2 − m + 1)) for positive integers m, n ≥ 2 is nonquasi-alternating [9] .
(2) A pretzel link P (0; p 1 , ..., p n , −q) = M (−1; p 1 , . . . , p n , q/(q −1)) that satisfies the condition q = min{p 1 , . . . , p n }. Any such link is known to be non-quasi-alternating [9] .
(3) A pretzel link P (0; p 1 , ..., p n , −q) = M (−1; p 1 , . . . , p n , q/(q − 1)), for which q + 1 = min{p 1 , . . . , p n } and p i = q + 1 for all i. However, if p i exceeds the numerator of a rational number between q and q + 1 for all i except one, then the link will satisfy the conditions of Theorem 6.4. In general, the pretzels P (0; p 1 , ..., p n , −q) = M (−1; p 1 , . . . , p n , q/(q − 1)) for which q + 1 = min{p 1 , . . . , p n } is known to be nonquasi-alternating [9] .
(4) The pretzel P (0; 3, 3, 3, −2) = 11n81 is such an example, and it has thick Khovanov homology. Since adding rational tangles preserves the width of Khovanov homology ( [13, 20] ), one may obtain infinite families of Montesinos links which do not satisfy either conditions. Having thick Khovanov homology, these are non-quasi-alternating. 
